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Mh' Abstract. Inspired by p-adic (and real) principal value integrals, we introduce motivic 

■^^ I principal value integrals associated to multi-valued rational differential forms on smooth 

algebraic varieties. We investigate the natural question whether (for complete varieties) this 
notion is a birational invariant. The answer seems to be related to the dichotomy of the 
Minimal Model Program. 
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0.1. Real and p-adic principal value integrals were first introduced by Langlands in the 
study of orbital integrals [Lanl] [Lan2] [LSI] [LS2]. They are associated to multi- valued 
[^ I differential forms on real and p-adic manifolds, respectively. 

^ I Let for instance X be a complete smooth connected algebraic variety of dimension 

Tjj- ■ n over Qp (the field of p-adic numbers). Denoting by O^ the vector space of rational 

O . differential n-forms on X, take u G (n^)®*^ defined over Qp; we then write formally u^''^ 

Q . and consider it as a multi- valued rational differential form on X. 

"^ ! We suppose that divw is a normal crossings divisor (over Qp) on X; say E^.i G S, 

^ I are its irreducible components. Let divu;^/'^ := -^divo; = ^^^^(ai — 1)-E'i, where then 

the ai G ^Z. If u^''^ has no logarithmic poles, i.e. if all ct^ 7^ 0, the principal value 
integral PV Jj^,^ . \uj^^'^\p of uj^/'^ on X{Qp) is defined as follows. Cover X{Qp) by (dis- 
K> ! joint) small enough open balls B on which there exist local coordinates xi, . . . , x„ such 

5j I that all Ei are coordinate hyperplanes. Consider for each B the converging integral 

/g |a^ia^2 ■ ■ ' Xn\p\^^''^\p for s G C with TZ{s) » 0, take its meromorphic continuation to 
C and evaluate this in s = 0; then add all these contributions. One can check that the 
result is independent of all choices. 

In the real setting we proceed similarly but then we also need a partition of unity, 
and we have to assume that u^''^ has no integral poles, i.e. the ai ^ Z<o. Here the 
independency result is somewhat more complicated; it was verified in detail in [Jal]. 

0.2. These principal value integrals appear as coefficients of asymptotic expansions of 
oscillating integrals and fibre integrals, and as residues of poles of distributions |/|^ or 
Igusa zeta functions. See [Jal, §1] for an overview and [AVG] [De2] [Igl] [Ig2] [Ja2] [Lae] for 
more details. 
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0.3. Last years (usual) p-adic integration and p-adic Igusa zeta functions were 'upgraded' 
to motivic integration and motivic zeta functions in various important papers of Denef 
and Loeser (after an idea of Kontsevich [Ko]). We mention the first papers [DLl] [DL2] 
and surveys [DL3] [Lo] [Ve4] . 

In this note we introduce similarly motivic principal value integrals. It is not totally 
clear what the most natural approach is; however the following should be satisfied. Re- 
turning to the p-adic setting of (0.1), we denote E°j := (flig/E'i) \ (Ue^iEg) for I C S. So 
X = U/cs ^i- Then, if suitable conditions about good reduction modp are satisfied, a 
similar proof as for Denef's formula for the p-adic Igusa zeta function [Del] yields that 
PV Jx(Q ) l^^^'^lp is given (up to a power of p) by 

ics iei ^ 

where tl(-)F denotes the number of Fp-rational points of the reduction modp. Since 
motivic objects should specialize to the analogous p-adic objects (for almost all p), any 
decent definition of a motivic principal value integral PV j-^ u?'!'^ associated to analogous 
X and ii?-!'^ (say over C) should boil down to the formula 



L"^ -1 

(up to a power of L). Here [■] denotes the class of a variety in the Grothendieck ring of 
algebraic varieties, and L := [A^], see (1.5). Note also that this is precisely the 'user- 
friendly formula' (in the terminology of [Cr]) for the converging motivic integral associated 
to the Q-divisor divcu^/'^ = X]i65(<^i ^ ^)Ei if all ai > 0. We will use (evaluations of) 
motivic zeta functions as in [Ve2] or [Ve3] to introduce this desired motivic principal value 
integral. 

0.4. Remark. (1) Remembering the origin of principal value integrals, we mention that 
Hales introduced motivic orbital integrals, specializing to the usual p-adic orbital integrals 
[Hal][Ha2]. 

(2) As in the p-adic case, the study of motivic principal value integrals, especially their 
vanishing, is related to determining the poles of motivic zeta functions, and hence of the 
derived Hodge and topological zeta functions. A nice result about the vanishing of real 
principal value integrals, and a conjecture in the p-adic case, is in [DJ]. 

0.5. Since a multi- valued differential form u^''^ is in fact a birational notion, it is a natural 
question whether the motivic principal value integral is a birational invariant. In other 
words, if Xi and X2 are different complete smooth models of the birational equivalence 
class associated to u^''^ such that divu^''^ is a normal crossings divisor and u^''^ has no 
logarithmic poles on both Xi and X2, is then PV J^ ur^''^ = PV /^ u^''^ ? 

This appears to be related to the dichotomy of the Minimal Model Program. We show 
by explicit counterexamples that the answer is in general negative when the Kodaira 
dimension is —00. On the other hand, when the Kodaira dimension is nonnegative, we 
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prove birational invariance in dimension 2. In higher dimensions, we explain how the mo- 
tivic principal value integrals yield a 'partial' birational invariant, assuming the Minimal 
Model Program. Here some subtle problems appear, which we think are interesting to 
investigate. 

0.6. We also introduce motivic principal value integrals on a smooth variety X if divcj^''^ 
is not necessarily a normal crossings divisor, facing similar problems. (For real principal 
value integrals this was considered by Jacobs [Jal, §7].) 

0.7. We will work over a field k of characteristic zero. When using minimal models 
we moreover assume k to be algebraically closed. In §1 we briefly recall the necessary 
birational geometry, and the for our purposes relevant motivic zeta function. In §2 we 
introduce motivic principal value integrals on smooth varieties. We flrst proceed on the 
level of Hodge polynomials to show that our approach with evaluations of motivic zeta 
functions can really be considered as the analogue of 'classical' real or p-adic principal 
value integrals. Then in §3 we consider the birational invariance question. 

1. Birational geometry 

As general references for §§1.1-1.4 we mention [KM] and [Ma]. 

1.1. An algebraic variety is an integral separated scheme of flnite type over Spec/c, where 
/c is a fleld of characteristic zero. A modiflcation is a proper birational morphism. A log 
resolution of an algebraic variety is a modiflcation h :Y —^ X from a smooth Y such that 
the exceptional locus of /i is a (simple) normal crossings divisor. 

Let S be a Q-divisor on X. Then a log resolution of S is a modiflcation h :Y -^ X 
from a smooth Y such that the exceptional locus of /i is a divisor, and its union with 
/i~^(suppi?) is a (simple) normal crossings divisor. 

1.2. Moreover, let X be normal and denote n := dimX. A (Weil) Q-divisor D on X is 
called Q-Cartier if some integer multiple of D is Cartier. And X is called Q-factorial if 
every Weil divisor on X is Q-Cartier. 

The variety X has a well-deflned linear equivalence class Kx of canonical (Weil) di- 
visors. Its representatives are the divisors divry of rational differential n-forms r] on X. 
Denoting by O^ the vector space of those rational differential n-forms, we can consider 
more generally elements u E (O^)®'^ for any d E Z>07 and their associated divisor divoj. 
Then we write formally cu^' '^, considered as a multi-valued rational differential form on X, 
and put divw^/'^ := -^ diva;. Since diva; represents dKx, we can say that the Q-divisor 
divo;^/*^ represents Kx- 

One says that X is Gorenstein if Kx is Cartier, and Q-Gorenstein if Kx is Q-Cartier. 

1.3. For a Q-Gorenstein X , let h : Y -^ X he a log resolution of X , and denote by 
Ei,i E S, the irreducible components of the exceptional locus of h. One says that X is 
terminal and canonical if in the expression 

KY\x■■=KY-h''Kx = Y,''^E^ 

ies 
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all ttiji E S, are greater than and at least 0, respectively. (These notions are independent 
of the chosen resolution.) Such varieties can be considered 'mildly' singular; note that a 
smooth variety is terminal. 

1.4. Let k be algebraically closed. 

(i) A minimal model in a given birational equivalence class of nonnegative Kodaira 
dimension is a complete variety Xm in this class which is Q-factorial and terminal and 
such that Kv is nef. This last condition means that the intersection number Kv -C > 
for all irreducible curves C on Xm- 

The existence of these objects is the heart of Mori's Minimal Model Program. This is 
now accomplished in dimension < 3 (and there is a lot of progress in dimension 4). In 
dimension 2 it is well known that there is a unique minimal model, which is moreover 
smooth, in each birational equivalence class. Also, each smooth complete surface in the 
class maps to the unique minimal model through a sequence of blowing-ups. In higher 
dimensions, two different minimal models are isomorphic in codimension one. Here each 
smooth complete variety in the class maps to a minimal model through a rational map 
(which is a composition of divisorial contractions and flips) . 

(ii) In a given birational equivalence class of general type (i.e. of maximal Kodaira 
dimension), a canonical model is a complete variety Xc in this class which is canonical 
and such that Kx^ is ample. This object is unique and there is a morphism from every 
minimal model in the class to it. 

1.5. Here, by abuse of terminology, we allow a variety to be reducible. 

(i) The Grothendieck ring Ko{Vark) of algebraic varieties over k is the free abelian 
group generated by the symbols [V], where [V] is a variety, subject to the relations 
[V] = [V] if V is isomorphic to V, and [V] = [V\W] + [W] if W is closed in V. Its 
ring structure is given by [V] ■ [W] := [V x W]. (See [Bi] for alternative descriptions 
of Ko{Vark), and see [Po] for the recent proof that it is not a domain.) Usually, one 
abbreviates L := [A^]. 

For the sequel we need to extend Ko(Vark) with fractional powers of L and to localize. 
Fix d G Z>o; we consider 



Ko(Varfc)[L- 



.1/, Ko(Var,)[T] 



{LT^^ - 1) 



(where L~^''^ := T). We then localize this ring with respect to the elements U''^ — 1, 
i G Z\{0}. What we really need is the subring of this localization generated by iiro(Varfc), 
L~^ and the elements (L — 1)/{U''^ — 1), z G Z \ {0}; we denote this subring by TZa- 

(ii) For a variety V , we denote by hP''^{Hl{V, C)) the rank of the (p, q')-Hodge compo- 
nent in the mixed Hodge structure of the ith cohomology group with compact support of 
V. The Hodge polynomial of V is 

H{V) = H{V; u, v):=J2{ $^(-l)'^^'^(^c(^, C)))uPv'' G Z[u, v]. 

p,q i>0 

Precisely by the defining relations of iiro(Var/j), there is a well-defined ring ho mo morphism 
H : iiro(Var/j) -^ Z[u,v], determined by [V] ^-^ H{V). It induces a ring homomorphism 
H from TZ to the 'rational functions in u, v with fractional powers'. 
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1.6. In [DLl] Denef and Loeser associated a motivic zeta function to a regular function 
on a smooth variety. In [Ve2] and [Ve3, §2] we considered several generalizations; we 
mention here a special case of [Ve3, (2.2)]. 

(i) Let X be a canonical variety and D any Q-divisor on X. Take a log resolution 
h : Y ^ X oi D and denote by Ei,i G S, the irreducible components of the union of 
/i~^(suppil>) and the exceptional locus of h. For each z G 5" let z/^ — 1 and Ni denote 
the multiplicity of Ei in Ky\x and h*D, respectively. Note that all z/^ > 1 since X is 
canonical. We also put E"^ := {nn^jEi) \ (Ut^iEg) for I C S. We associated to D on X 
the zeta function 

Zx(g;^):=£-"Elg?in ^.-t;.'_r 

icS iei 

Here L~^ is just the traditional notation for a variable T. So Zx{D; s) lives, for example, 
in a polynomial ring 'with fractional powers' in a variable T over some ring 7?.^, localized 
with respect to the elements L^T^-1 and L" -T^ for z/ G ^Z (and u > 1) and N e Q>o. 
(We verified that the defining expression does not depend on the chosen resolution using 
the weak factorization theorem [AKMW][W1].) 

(ii) One can specialize Zx{D; s) to the Hodge polynomial level via the map H, obtain- 
ing 

Zx(g; ») = (uv)- Y. g(g?) n u,,Z~J. _ 1 . 

ics iei ^ ' 

where now {uv)~^ is a variable. 

(iii) For any constructible subset W of X, we can consider more generally zeta functions 
Zw<zx{E)\ s) and Z'p^cx(-D; s), using £'^n/i~^VF instead oiE"] in the defining expressions. 

Note. Here we re-normalized the zeta functions of [Ve3, §2] with a factor L~'^ and {uv)~'^, 
respectively. 



2. Motivic principal value integrals on smooth varieties 

2.1. Let y be a smooth algebraic variety of dimension n. Let uj^^'^ be a multi-valued 
differential form on y, such that divw^/'^ is a normal crossings divisor and u^/'^ has no 
logarithmic poles. 

Denote by Ei, i E S, the irreducible components of i? = supp(diva;^/'^), and let ct^ — 1 be 
the multiplicity oi Ei in div(c^i/<^). So divc^^/^^ = Ej65("i - 1)^^. and the a^ G ^Z\{0}. 
For / C ^ we put E^ := (DieiEi) \ (Ui^iEi). Note that Y = U/cS ^i- 

2.2. We start by giving two equivalent definitions for the principal value integral oiu^''^ 
on Y on the level of Hodge polynomials. The first one is analogous to the classical real and 
p-adic situation, and the second one will turn out to be a specialization of the definition 
on the motivic level. 

(1) Consider for s G Z, s » 0, the 'motivic integral on Hodge polynomial level' 

Iis):= [ (H""''*^''""'''^'''^^/", 
Jc{Y) 
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where C{Y) is the arc space of Y and ordt(-) denotes the order of the given divisor along 
an arc in C{Y); see e.g. [DL2][Ba][Ve2]. This is the analogue of the converging integral 
for s » in the classical case. By [Ba] or [DL2] also I{s) converges for s » (in fact 
if and only if a^ + s > for all z G 5"), and then 

Consider now the unique rational function ^(T) over Q('u^' '^j v^''^^ in the variable T, 
yielding /(s) when evaluated in T = {uv)~^ for all s » 0; it is given by 



z(r)=M-"5:«(^?)n&^ 



ics ie 



^ (uv)"* — T 



Hodge level definition 1. The principal value integral of u^''^ on Y is liniT^i Z{T) 
evT=iZ{T) and is thus given by the formula 



I(ZS 






Note that this proces is indeed analogous to the classical case, where we take the limit 
for s ^ of a meromorphic continuation. 

(2) We consider the zeta function Zy(diva;^/'^; s) of (1.6(ii)). Since here divcu^/^ is 
already a normal crossings divisor on the smooth variety Y , we have 

ics iei ^ ' 

(If you don't like fractional powers of T = (uv)~^ ^ just consider T^''^ as a variable with 
integer powers —d{ai — 1).) 

Hodge level definition 2. The principal value integral of uj^''^ on Y is 

lim Zy(divc^^/"'; s) = eVs=iZY{dwuj^^'^; s). 

This means of course evaluating in T = {uv)~^, and yields the same formula as in the 
previous definition. 

Remark. Alternatively, we could have taken the (re- normalized) zeta function of [Ve2], 
associated to the effective divisor aE and the sheaf of regular differential forms 0{aE) ® 
i^i/d i'qj^ some a » 0, which is given by the formula 

{uv)--j:HiE°,)i[ ""-^ 



ICS 



11 (y^y\a+cei+sa _ ]^ 

iei ^ ' 
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and evaluate it in s == — 1. 

2.3. On the level of the Grothendieck ring, we cannot use the first approach since zero 
divisors may occur. The second approach however generalizes and yields the desired 
formula. 

Definition. The motivic principal value integral of ur^''^ on Y is the evaluation of 
2y(divc<;^'^; s) in s = 1; it is given by the formula 



L"i - 1 



living in the ring 7^^ of (1.5). We denote it by PV f^ 



Y 



UJ 



i/d 



Remarks. (1) One easily verifies that evaluating 2y (divcu^/'^; s) in s = 1 (i.e. in T = L~^) 
indeed yields a well defined element in IZa- 

(2) In the special case that all a^ > —1, we can just use the converging motivic integral 
^C(Y^ L~°'^'^*'^'^^^'^ 'dfj,^ given by the same formula, but then it is only well defined in a 
completionof Ko(Varfc)[L-i/'^], see [DL2] and [Ve2]. 

(3) For a constructible subset VF of y we can consider more generally PV J^^y^^ 
as the evaluation of ZvKcr(diva;^/'^; s) in s = 1, see (1.6(iii)). This corresponds morally 
to 'classical' p-adic and real principal value integrals involving a locally constant function 
and C°° function, respectively, with compact support. 

2.4. Let now X be a smooth algebraic variety of dimension n, and u^''^ any multi-valued 
differential form on X. Is it possible to associate a well defined 'natural' principal value 
integral to u^'*^ ? Of course in some sense logarithmic poles will have to be excluded. 

A first natural idea is to consider (the pull-back of) u^''^ via a modification h :Y ^ X 
such that the divisor of h*u^''^ is a normal crossings divisor on Y. If there exists a 
modification for which h*u^''^ has no logarithmic poles on y, then the desired principal 
value integral could be defined as PV fy h^uj^''^. Of course the point here is whether this 
is independent of the chosen modification. 

Looking at the zeta function approach in Definition 2.3, another natural idea is just 
to define the principal value integral of uj^''^ on X as the evaluation of 2x(divu;^/'^; s) in 
s = 1, if this makes sense. Here no choices are involved. 

We verify that the first approach works and yields the same result as the second 
approach if there exists a modification h :Y ^f X satisfying a slightly stronger condition 
than above. Then we indicate some subtle problems concerning the 'naive' first approach. 

2.5. We say that a modification h -.Y ^^ X is good if it is a log resolution of D := div u^''^ 
on X, for which div{h*uj^''^) has no logarithmic poles on Y. 

Note that there could exist modifications h : Y —^ X for which div(h*u^''^) is a normal 
crossings divisor and h*u^''^ has no logarithmic poles, but such that h*D is not a normal 
crossings divisor ! Indeed, it is possible that h*u^''^ has multiplicity zero along some 
component of h*D, meaning that this component does not occur in diy{h*u^''^). For 
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example, let D (locally) be given by ^Di — I-D2, where Di and D2 are smooth curves, 
intersecting each other in a point P with intersection multiplicity 2, see Figure 1. Let 
h be the blowing-up of X with centre P. Then h*uj^''^ has multiplicity zero along the 
exceptional curve D^ of h; so div(/i*a;^/'^) is (locally) a normal crossings divisor but h*D 
is not. 







Figure 1 



2.6. Proposition. Suppose that there exists a good modification h : Y ^> X . Denote 
by Ei,i G S, the irreducible components of h~^D, and let a^ — 1 be the multiplicity of 
Ei in diY {h*uj^/'^). Put Ef := (DieiE,) \ (Ui^iEi) for I C S. Then the evaluation of 
Zx{dWu>^/'^; s) in s = 1 is well defined, it is equal to PV Jy h*uj^^'^, and is given by the 
formula L- Eics[E°i] U^ei T^i- 



Note. Here a^ = 1 could occur, meaning that Ei does not appear in (i\v{h*uj 



i/d^ 



Proof. Denote the multiplicities of Ei in Ky\x and in h*D hj Ui — 1 and Ni, respectively. 
Since h is really a log resolution of D, we can express Zx{D; s) as 

ics iei 

Now D = divcu^/^ and div{h*u^''^) are representatives of Kx and Ky, respectively. 
Hence div(/i*a;^/'^) = Ky\x + h*D, meaning that cti = Vi + Ni for all i G S. Since 
div{h*u^/^) has no logarithmic poles, all ctj ^ 0. So indeed evaluating Zx{D; s) in s = 1 
makes sense and yields the stated formula, which is just PV Jy h*uj^''^. D 

We define the principal value integral of u^/'^ on X as given by Proposition 2.6. For 
completeness we recall all data. 

2.7. Definition. Let X be a smooth algebraic variety of dimension n and uj^/'^ a multi- 
valued differential form on X. Suppose that there exists a log resolution h :Y -^ X oi 
divo;^'*^ on X, for which h*u^''^ has no logarithmic poles on Y. Then the principal value 
integral of u^''^ on X, denoted PV J^ o;^' '^, is given by one of the equivalent expressions 
in Proposition 2.6. 

Remarks. (1) Also here we could proceed alternatively using the zeta functions of [Ve2]. 
(2) We can proceed more generally, involving a constructible subset W of X, just as 
in Remark (3) after Definition 2.3. 
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(3) For real principal value integrals, Jacobs gave a similar definition [Jal, §7]. 

2.8. We return to the first approach. Suppose now that there exists a modification 
g : Z ^ X such that diY{g*u^''^) is a normal crossings divisor and g*u^''^ has no loga- 
rithmic poles on Z. (Recall that then g is not necessarily good.) Two subtle questions 
impose themselves here. 

I) Suppose that there exists at least one good modification of X; so PV J^ uj^''^ is 
defined. Is this principle value integral then equal to the obvious formula associated to 
g*uj^/^ on Z 7 I.e., with div{g*uj^/^) = J2ieS ('^'^ " ^)-^-i ^^'^ ^1 ^o^ / C 5"^ as usual, is 



PV I u^/'^ = L-'^ ^ [E°j] W 



L-\ 



L«i -1 

If there exists a modification t\ -.Y ^* Z such that h := g o -k -.Y ^ X i-g, good, then the 
answer is yes. This can be verified using the zeta function 2^(div((7*a;^/'^); s), for which 
we use the defining expressions on both Z and Y . One easily computes that evaluating in 
s = 1 yields the right and left hand sides above, respectively. The point is that 'deleting 
irreducible components of /i*(divc<;^/'^) on Y with a — V does not change the formula for 
PV j-^uj^i'^ in terms of h. 

When there does not exist such a modification Y ^ Z , we do not know the answer. 

II) Suppose on the other hand that no good modification of X exists. Are the expres- 
sions 

idSz iei 
for modifications Z ^ X as above independent of the chosen Z ? 

2.9. The principal value integrals of Definition 2.3 and the more general Definition 2.7 
satisfy a 'Poincare duality'. Bittner [Bi] showed that there exists a ring involution V of 
i^o(Varfc)[L-i] satisfying V{L) = L-\ and characterized by V{[X]) = L-'^''^^[X] when 
X is a complete connected smooth variety. (It is in fact a lifting of the usual duality 
operator on the level of motives to the level of varieties. And specializing V to the level 
of Hodge polynomials is just a reformulation of Poincare and Serre duality.) It extends 
to the rings 7^d via V{L^/'^) = L'^/'^. 

Proposition. The principal value integrals of Definitions 2.3 and 2.7 satisfy 

V{PV f c^^/^) =L-^™^Py f u^/'^. 
Jx Jx 



Proof. This follows from the concrete formula for PV J^^u^''^ by the same computation 
as in e.g. [Ba], [DM] or [Ve3]. D 
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3. Birational invariance ? 

Here we assume k to be algebraically closed. 

3.1. Actually, a (multi- valued) differential form is a birational notion. When we con- 
sider such a form u^''^ on a variety X and its pull-back h*u^''^ on Y via a modification 
h : Y ^ X, this is just a matter of notation : u^''^ and h*u^''^ are in fact the same 
element in a one-dimensional vector space over the function field of X. 

Fix a form u^''^ for which there exists a smooth complete variety X such that div(a;^' '^) 
on X is a normal crossings divisor and u^''^ has no logarithmic poles on X. Then we 
can consider PV j-^ uj^''^^ and it is a natural question whether this notion depends on the 
chosen such model X. In other words : is the motivic principal value integral a birational 
invariant ? 

3.2. Remark. A necessary condition is of course that, ii ix : X' ^ X is the blowing-up 
of an X as above in a smooth centre that has normal crossings with div(a;^''^) and such 
that u^''^ has also no logarithmic poles on X\ then PV j-^ ux^''^ = PV j-^, ux^''^ . This can 
be verified by straightforward computations as in [Vel], [Ve3, Lemma 2.3.2] or [Al]. 

We should remark that this is however not sufficient to derive birational invariance 
with the help of the weak factorization theorem. Indeed, on some 'intermediate' varieties 
connecting two such models the form ux^l'^ could have logarithmic poles. 

3.3. Note that in dimension one there is only one smooth complete model in a given 
birational equivalence class. So from now on we work in dimension at least two. 

First we show that when the Kodaira dimension is — oo, the answer is in general 
negative. 

3.4. Example. We work in the class of rational surfaces and take u^''^ on ^fx-Y-z)^ given 
by cu^/^ = y~^''^dxdy on the affine chart A? x. Then on the chart A? n we have that 

J y y (x,y) {y,z) 

^1/2 ^ y-^/^z-^/'^dydz. Denoting Ci := {Y = 0} and C2 := {Z = 0}, we see that 
div(aj^/^) = — fCi — |C2 is a normal crossings divisor on P^ and that no logarithmic 
poles occur. 

Consider now the birational map tt : ^fx'-Y'-z') ^ ^fx-v-z) &^^^ by A? , ,-, -^ 

A? X : {x\y') 1-^ {x'.y'—x''^). OnP?^,..^,.^,-j our form a; -'^/^ is given by {y'—x''^)~^/'^dx'dy' 

and {y'z' — l)~^''^dy'dz' on the analogous charts. Hence on the 'new' P^ we have that 
div(a;^'^) = — |Ci, where we denote the birational transform of Ci, i.e. {Y' Z' — X'"^ = 0}, 
by the same symbol. The formula of Definition 2.3 yields 

''^(X-.Y-.Z) ^ ' 



and 



PV f u;V2 = ^-2(^2 ^ (L + 1) /;^ ) = -L-'/\L + L'/^ + 1) 7^ 0. 



(X':Y':Z') 
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Figure 2 



It is useful to indicate the 'geometric reason' why this happens. We decompose in 
Figure 2 the map tt in a composition of blowing-ups and blowing-downs, where the fat 
points indicate the centers of blowing-up and C3, C4 and C5 are exceptional curves. The 
surfaces on the middle row are ruled surfaces. One easily verifies that the multiplicities 
of 6*3,(74 and C5 in divcu^/^ are — |,— 1 and 0, respectively. This means in particular 
that C5 does not occur in the support of divcu^/^ on 5*4, 5*5 and ^fx'-Y'-z') (where C5 is 
a line), and that divcu^/^ has logarithmic poles on 5*2, 5*3 and 5*4. So we cannot identify 
PV L2 uj^l'^ = PV L 00^'^ with PV L2 u;i/2 = PV L c^^/2 via principal 

value integrals on the intermediate surfaces 5*2, 5*3 and 5*4 since they are not defined 
there. 

Note, (i) We found this example several years ago; it was briefly mentioned by Jacobs 
[Jal, §8] in the context of real principal value integrals. 

(ii) Actually, it is also valid when k is not algebraically closed. (And if we would have 
introduced principal value integrals in arbitrary characteristic by the same formula, it 
would still work.) 
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3.5. Example 3.4 can be adapted to the birational equivalence class of any non-rational 
ruled surface; then we use only the middle and top row of Figure 2. It is possible to give 
a similar form cu^/^ with PV f^ w^/^ = and PV f^^u^^'^ ^ (maybe div(cj^/^) will 
contain more fibres in its support) . So for surfaces such examples exist in every birational 
equivalence class of Kodaira dimension — cxd. 

Moreover, by taking Cartesian products with arbitrary complete smooth varieties, 
Example 3.4 can be extended to arbitrary dimension. 

We now turn to the other case, i.e. when the Kodaira dimension is nonnegative. 

3.6. Theorem. Fix the birational equivalence class of a surface of nonnegative Kodaira 
dimension, and a multivalued differential form uj^''^ on it. Suppose that this class contains 
a smooth complete model X such that div(c<;^/'^) is a normal crossings divisor on X and 
uj^l'^ has no logarithmic poles on X . Then PV J^ uj^''^ is independent of the chosen such 
model, and is thus a birational invariant. 

Proof. (Recall that for smooth surfaces complete is equivalent to projective.) Let Xm 
be the unique (smooth, projective) minimal model in the class, and let h : Y -^ X^ be 
the composition of the minimal set of blowing-ups, needed to make divu^''^ a normal 
crossings divisor on Y. More precisely, if divcu^/'^ is a normal crossings divisor on X^, 
put Y := XjTi- Otherwise, let /ii : Yi ^ X^n be obtained from Xj^ by blowing up the finite 
number of points where div u^''^ has no normal crossings. If div uj^''^ is a normal crossings 
divisor on Yi, put Y ■.= Yi. Otherwise, continuing this way abuts in the unique smooth 
projective Y such that divw^''^ is a normal crossings divisor on Y and h : Y ^ Xm is 
minimal with respect to this property. 

Suppose now that X is any model as in the enonce of the theorem. Since divcu^''^ is 
a normal crossings divisor on X, there is a morphism tt : X ^ Y. Also, since u^''^ has 
no logarithmic poles on X, the same is certainly true on Y. Hence also PV fyUJ^''^ is 
defined, and is equal to PV j^ u?'!'^ by Remark 3.2. D 

3.7. In higher dimensions we face the non-existence of a unique minimal model, and 
the fact that in general a (smooth, complete) variety does not map to a minimal model 
by a morphism. A reasonable idea is to try to adapt Definition 2.7 as follows, assuming 
the Minimal Model Program. Take a birational equivalence class of nonnegative Kodaira 
dimension and a multi-valued differential form ux^''^ on it. 

Suppose that there exists a minimal model X in the given class, and a log resolution 
/i : y -^ X of divcu^/'^ on X, for which ux^l'^ has no logarithmic poles on Y . Define then 
the (candidate) birational invariant associated to u?'!'^ as PV Jy uj^^^. Now independence 
of both X and Y has to be checked. 

Fixing such a minimal model X , the independence of Y is proven by the same argument 
as for Proposition 2.6. Indeed, PV jyOJ^''^ is just the evaluation of Zx(diva;^''^; s) in 
s = 1. (Recall that this zeta function was defined more generally on canonical varieties, 
so certainly on minimal models.) We now verify that the zeta function 2x(divcA;^/'^; s) 
itself in fact does not depend on the chosen X; then a fortiori the same is true for its 
evaluation in s = 1. 
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3.8. Proposition. Let ux^''^ he a multi-valued differential form on a birational equiva- 
lence class of nonnegative Kodaira dimension. Let Xi and X2 he minimal models in this 
class; then Zx^t^idivuj^''^] s) = Zxaldivcu"'^''^; s). 

Proof. Since Xi and X2 are isomorphic in codimension one, divcu^''^ on Xi and X2 are 
each others birational transform. Take a common log resolution hi : Y ^ Xi oi divw^''^ 
on Xi and X2. Remembering that these two (Q-) divisors are representatives of Kxi 
and Kx2, we have hl{diyuj^/'^) = /i2(divu;^/'^) and Ky\Xi = Ky\X2^ see [KM, Proof of 
Theorem 3.52] or [Wa, Corollary 1.10]. 

So, computing both zeta functions by their defining expressions on Y , see (1.6), yields 
exactly the same formula. D 

Note. When our birational equivalence class is of general type, we can use its unique 
canonical model X^ and work with ZxS^-^^^^ 1 ■§), which shortens the argument. 

Summarizing, we obtained the following well defined invariant. 

3.9. Definition. Let uj^''^ be a multi-valued differential form on a birational equivalence 
class of nonnegative Kodaira dimension. Assume the Minimal Model Program. Suppose 
that there exists a minimal model X and a log resolution h -.Y ^ X oi djvu^''^ on X, 
for which u'^''^ has no logarithmic poles on Y. Then PV jy^^ is independent of all 
choices and is thus a (partial) birational invariant of w^'^. 

3.10. We mention 'partial' because we are confronted with similar subtle problems as in 
§2. Suppose that there exists a smooth complete model Z in the given class, for which 
dhfuj^''^ is a normal crossings divisor on Z and u^''^ has no logarithmic poles on Z. 

I) If there exists a minimal model X and a log resolution y — > X as in Definition 3.9, 
is the invariant above then equal to PV j^uj^''^ ? 

II) If on the other hand no such X and Y exist, are the expressions PV j^uj^''^ the 
same for different such models Z ? 

3.11. Remark. An alternative point of view for 'birational invariance' is 'independence 
of chosen completion' for principal value integrals on non-complete smooth varieties. For 
real principal value integrals Jacobs [Jal, §8] mentioned Example 3.4 in this context. 
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